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Abstract
We construct a new family of three-charge 18−BPS smooth solutions that have the same charges
as the supersymmetric D1D5P Black Hole and are non-invariant under rotations of the compact
manifold. We work in type IIB string theory on T 4 and we show how the supergravity and BPS
equations reduce to a linear system, arranged in two “layers” of partial differential equations.
We then build two solutions of our system of equations: the first is a superdescendant three-
charge solution, obtained by acting with rigid symmetries on a seed two-charge solution, on
which we can perform a non-trivial check for the system of equations; the second is a new
superstratum solution that has both internal and external excitations. We then describe the
CFT heavy states dual to these new geometries.
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1 Introduction
One of the most puzzling features of Black Hole physics is the Black Hole information
paradox (see [1] for a review of the subject). Within String Theory, one of the most
promising proposal to solve the Information Paradox is the so-called Fuzzball proposal
[2–21] (see [22, 23] for a review); the core of this proposal is to represent the Black Hole
as a true thermodynamical system whose microstates are String Theory quantum states
described at low energy by smooth, horizonless solutions of supergravity which have a
non-trivial horizon-scale structure.
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One of the most studied frameworks for the Fuzzball proposal is the D1D5 system
[24, 25] that is a type IIB system made by n1 D1 branes and n5 D5 branes in a ten-
dimensional geometry that is asymptotically R(1,4) × S1 × T 4; the D5 branes wrap the
S
1 × T 4, while the D1 wrap the S1. The three-charge BPS Black Hole solution has a
so-called decoupling region where the geometry is asymptotically AdS3×S3 and, by virtue
of the AdS/CFT description, it is dual to a superconformal field theory, often dubbed as
D1D5 CFT. This CFT is a N = (4, 4) SCFT with supercharges (G±±n , G˜
±±
n ) and with
an affine SO(4)R ≃ SU(2)L × SU(2)R R−symmetry algebra (Jan , J˜an) corresponding in
the gravity side to the rotation of the S3; the D1D5 CFT has a special locus in its
moduli space where it can be described as a two dimensional non-linear sigma model
with target space (T 4)N/SN , where SN is the permutation group of order N = n1n5. We
should recall that the states of an orbifold theory split into different twist sectors that
can be described as a collection of effective strings (or “strands”) of different winding
number, plus the constraint that the total winding must be equal to N . One of the
most successful achievements of String Theory was the computation of the number of
string microstate of a D1D5 Black Hole and its matching with its Bekenstein-Hawking
entropy [26]. Motivated by this, the Fuzzball program aim is to explicitly construct those
microstates.
Up to now, much progress in the explicit construction of such smooth, horizonless
geometries has been made. All the D1D5 two-charge states have a well defined dual
geometry [8–11], and the holographic dictionary is complete. These are microstates of
a Black Hole with singular, point-like horizon. To describe Black Hole solutions with
a well-defined horizon we need solutions with at least three charges, i.e. we need to
add a momentum charge P along the S1 to the D1D5 states; we call D1D5P the three-
charge states and their dual geometries. Unfortunately, the dictionary of three-charge
solutions is not completed yet; many attempts have been made and many geometries
have been built, but not all of them. The construction of all these microstates is an
ongoing effort. One family of D1D5P smooth horizonless solutions are the multi-centered
solutions [27,28], but only a small subset of those has a well known CFT dual; there are
suitably described as solutions of 5DN = 2 supergravity with vector multiplets, obtained
by a compactification on the S1 of the D1D5 system described above. Technically this
implies that, from a six-dimensional perspective, such solutions cannot depend on the
coordinate of the S1.
Another family consists in superdescendants of two-charge geometries [13–15, 17];
these geometries are obtained by a solution-generating technique that implies to act
with a non-trivial transformation on the supergravity coordinates that is dual to a rigid
symmetry transformation on the CFT side, and of course have a well defined dual CFT
states. A third family, dubbed superstrata, consists in three-charge solutions that are not
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superdescendants of two-charge states [19–21], but are dual to heavy states in the CFT,
i.e. states whose conformal dimension ∆ is of the same order of the central charge, that
can be built at the free orbifold point by acting independently on each strand with an
element of the global superalgebra generated by L0, L±1, Ja0 , G
±±
± 1
2
. These last two families
are truly six-dimensional since they can depend on the S1, and are described only in the
6D supergravity theory described above. All the three-charge solutions known in the
literature are invariant under transformation of the compact manifold, and then they
can be thought as solutions of type IIB supergravity on a compact T 4 or on a compact
K31.
We now notice that there exists a set of two-charge solutions that have both internal
and external excitations, i.e. the ten-dimensional supergravity fields can be non-invariant
under transformations of the compact manifold [11]. The goal of our paper is then to
find three-charge solutions that have the same property and to furnish their holographic
interpretation.
In order to do so, we need to generalize the results of [16], in which the supergravity
fields are invariant under transformations of the compact manifold. We will show that
our general ansatz satisfies the type IIB supergravity equations once we impose a system
of partial differential equations that arrange in two “layers” for the objects appearing in
the geometry; we want to stress that this set of two layers, if solved in order, is a linear
system, and it is a generalization of the system of equations for geometries with only
internal excitation [16–21]. We will work explicitly with T 4 as our compact space.
After having established the system of equations, we find two asymptotically AdS3×
S
3 solutions for them; one is a three-charge superdescendant, obtained by the solution
generating technique of [17], starting from a known D1D5 solution [11] as a seed; the
second one is a superstratum solution with one Fourier mode for the internal excitation
and one Fourier mode for the external excitation; this is the first non-trivial three-charge
smooth horizonless solution with an internal excitation. We close with a brief discussion
on the extension of our solutions to Asymptotically Flat geometries.
The plan of this paper is as follows: in sec. 2 we introduce the ansatz of asymptotically
AdS type IIB geometries that have both internal and external excitations, and we show
how the ansatz solves the type IIB supergravity equations. This will end up in a system
of linear partial differential equations for the objects defining the ansatz, divided in two
“layers” (2.15, 2.16). In sec. 3 we will briefly describe the D1D5 CFT focusing on the
definition of the Heavy states that are dual to the supergravity solutions we will construct
in sec. 4. In sec. 4 we will start building a superdescendant three-charge solution with
internal excitations acting with the appropriate generator of the chiral algebra on a two-
1In this latter case the SCFT at the free orbifold point is a non-linear sigma model whose target
space is (K3)N/SN .
3
charge solution with internal excitations and show that this solution solves the “layers”
(2.15, 2.16), furnishing a non-trivial check of this system. We will then construct three-
charge 1
8
−BPS solutions with both internal and external excitations. We close this section
by discussing how to extend this formalism to asymptotically flat geometries.
2 Three Charge Superstrata with internal excita-
tions: the ansatz
2.1 An example of a geometry with internal excitations
Over the years, a set of three-charge geometries in type IIB supergravity that are invariant
under rotation of the compact manifold T 4 were built [16–21]; an example is
ds210 =
√
Z1Z2
P ds
2
6 +
√
Z1
Z2
ds2T 4,
e2φ =
Z21
P , C0 =
Z4
Z1
,
B2 = B¯2 , C2 = C¯2 ,
C4 = C¯4 +
Z4
Z2
dz1 ∧ dz2 ∧ dz3 ∧ dz4 ,
(2.1)
where everything is zi independent, where the forms with an over-bar are forms with legs
only in the six-dimensional space and where we have written down the directions on the
compact manifold. Those geometries are also 1
8
−BPS and have a null Killing vector ∂
∂u
.
Restricting to v−independent base, one possible ansatz for the objects appearing there
is
ds26 = −
2√P (dv + β)
[
du+ ω +
F
2
(dv + β)
]
+
√
P ds24 ,
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θ dφ2 + r2 cos2 θ dψ2 ,
Σ = r2 + a2 cos2 θ , P = Z1Z2 − Z24 , u =
t− y√
2
, v =
t + y√
2
β =
Ra2√
2Σ
(
sin2 θ dφ− cos2 θ dψ) , ω = Ra2√
2Σ
(
sin2 θ dφ+ cos2 θ dψ
)
,
B¯2 = −Z4P (du+ ω) ∧ (dv + β) + a4 ∧ (dv + β) + δ2 ,
C¯2 = −Z2P (du+ ω) ∧ (dv + β) + a1 ∧ (dv + β) + γ2 ,
C¯4 = −Z4P γ2 ∧ (du+ ω) ∧ (dv + β) + x3 ∧ (dv + β) .
(2.2)
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we also define the useful objects that are gauge invariant under the remaining gauge
freedom B2 → B2 + dλ1 where λ1 is u , v−independent 1-form and have legs only on
R
4 [30]:
Θ1 ≡ Da1 + γ˙2 , Θ2 ≡ Da2 + γ˙1 , Θ4 ≡ Da4 + δ˙2 , (2.3)
where f˙ = ∂vf and where
D ≡ d4 − β ∧ ∂v . (2.4)
In order for this ansatz to be a 1
8
−BPS solution of the type IIB equations of motion, we
have to impose the following “layers” of equations, following the notation of [18–21]: the
first layer is
∗4DZ˙1 = DΘ2 , D ∗4 DZ1 = −Θ2 ∧ dβ , Θ2 = ∗4Θ2 ,
∗4DZ˙2 = DΘ1 , D ∗4 DZ2 = −Θ1 ∧ dβ , Θ1 = ∗4Θ1 ,
∗4DZ˙4 = DΘ4 , D ∗4 DZ4 = −Θ4 ∧ dβ , Θ4 = ∗4Θ4 ,
(2.5)
plus the fact that β˙ = 0 and
dβ = + ∗4 dβ , (2.6)
while the second layer is
Dω + ∗4Dω4 + F dβ = Z1Θ1 + Z2Θ2 − 2Z4Θ4 ,
∗4D ∗4
(
ω˙ − 1
2
DF
)
= ∂2v(Z1Z2 − Z24 )− [Z˙1Z˙2 − (Z˙4)2]−
1
2
∗4 (Θ1 ∧Θ2 −Θ4 ∧Θ4).
(2.7)
One may study, as in [16, 18], geometries whose base is possibly v−dependent, having
then an almost-hyperka¨hler structure. Here we will focus on geometries with β˙ = 0 and
consequently a v−independent base.
If we want now a geometry that has only “internal” excitations, i.e. it is not invariant
under rotation of the compact manifold, we can simply perform an STz1Tz2S duality; we
land then to
ds210 = ds
2
6 +
√P
Z2
ds2T 4 , e
2Φ =
P
Z22
,
B2 = −Z5
Z2
ω5 , ω5 = dz
1 ∧ dz2 − dz3 ∧ dz4 ,
C0 = 0 , C2 = C¯2 ,
C4 =
[(
δ5 − Z5
Z2
γ˜2
)
+
(
b4 − Z5
Z2
b1
)
∧ (dv + β)
]
∧ ω5 ,
(2.8)
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where the two layers equations are inherited by duality; this means that the objects
defining the ansatz here satisfy the previous layers equations; We have then changed the
name of Z4 to Z5 (and similarly δ4 with δ5), in order to distinguish them later, since our
goal is to construct geometries that have both internal and external excitations, i.e. both
Z4 and Z5 turned on.
2.2 The most general ansatz
We want now to find the most general solution that has both Z4 and Z5 turned on. This
implies that the warp factor is now P 7→ P = Z1Z2 − Z24 − Z25 . We will also assume
β˙ = 0, in order to the ds24 base to be v−independent.
Motivated from the discussion of the previous section, and from the 2-charges geom-
etry of [11]2, we formulate the following ansatz:
ds210 =
√
α ds26 +
√
P˜
Z2
ds2T 4 ,
ds26 = −
2√
P
(dv + β)
[
du+ ω +
F
2
(dv + β)
]
+
√
P ds24 ,
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θ dφ2 + r2 cos2 θ dψ2 ,
P = Z1Z2 − Z24 , P˜ = Z1Z2 − Z25 , P = Z1Z2 − Z24 − Z25 ,
dvˆ = dv + β , duˆ = du+ ω , v =
t + y√
2
, u =
t− y√
2
,
e2φ = α
P˜
Z22
, ω5 = − ∗T 4 ω5 , α = P˜
P
,
B2 = −Z4
P
duˆ ∧ dvˆ + a4 ∧ dvˆ + δ2 − Z5
Z2
ω5 ,
C0 =
Z2Z4
P˜
,
C2 = −Z2
P
duˆ ∧ dvˆ + a1 ∧ dvˆ + γ2 ,
C4 =
Z4
Z2
v̂ol4 − Z4
P
γ2 ∧ duˆ ∧ dvˆ + x3 ∧ dvˆ
+
[(
a5 − Z5
Z2
a1
)
∧ dvˆ +
(
δ5 − Z5
Z2
γ2
)]
∧ ω5 ,
(2.10)
2In the decoupling limit, the dictionary between our notation and the notation of [11] is
f5 = H = Z1 , K = Z1 , Aα− = −Z5 , A = −Z4 , f˜1 = P
Z2
, f1 =
P˜
Z2
. (2.9)
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where here the ω5 is any constant two-form that is anti-self dual on the T
4. It is easy
to see that if Z5 → 0 we recover (2.1), while if Z4 → 0 we recover (2.8). This ansatz is
1
8
−BPS and this is evident in the geometry by the fact that our geometry has a Killing
vector ∂
∂u
, so we will always assume that everything is u−independent.
2.3 The type IIB Equations of Motion
We want now to see what are the “layers” that our ansatz has to satisfy in order to be
a IIB supergravity solution.
The bosonic content of type IIB supergravity consists in a graviton gMN , a dilaton φ,
an NSNS 2-form B2, and a set of RR forms C0, C2, C4. Their field strength are defined
as
H3 = dB2 ,
F1 = dC0 ,
F3 = dC2 −H3C0
F5 = dC4 −H3 ∧ C2 ,
(2.11)
so that the following Bianchi identities are satisfied;
dH3 = 0 ,
dF1 = 0 ,
dF3 = H3 ∧ F1
dF5 = H3 ∧ F3 .
(2.12)
The EoM they have to satisfy are
4d ∗ dφ− 4dφ ∧ ∗dφ+ ∗R− 1
2
H3 ∧ ∗H3 = 0 , (2.13a)
d ∗ (e−2φH3)− F1 ∧ ∗F3 − F3 ∧ F5 = 0 , (2.13b)
d ∗ F1 +H3 ∧ ∗F3 = 0 , (2.13c)
d ∗ F3 +H3 ∧ F5 = 0 , (2.13d)
F5 − ∗F5 = 0 , (2.13e)
e−2φ
(
RMN + 2∇M∇Nφ− 1
4
HMPQHN
PQ
)
+
1
4
gMN
(
FPF
P +
1
3!
FPQRF
PQR
)
−1
2
FMFN − 1
2
1
2!
FMPQFN
PQ − 1
4
1
4!
FMPQRSFN
PQRS = 0 , (2.13f)
where the last one are the Einstein equations. For the notation of type IIB equations
and duality rules, we refer to [29].
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In [16], it was shown that the minimal set of equations that one has to solve are
BPS constraints dubbed with the existence of a null Killing vector whose integral flow
generates the u coordinate, the self-duality of RR fields and the vv component of the
Einstein Equations. Since their results can be applied here, we do not have to solve both
equations of motion and BPS equations, since it was shown there that one implies the
other. So that we will have to solve one of the two. Our discussion will then focus on
solving the gauge equations of motion and the vv−component of the Einstein Equations,
and that, plus the result of [16], will assure that our ansatz is a BPS solution of type IIB
supergravity equations.
We will show that to find the complete set of layers we have to study these equations
F5 − ∗F5 = 0 , (2.14a)
d ∗ F3 +H3 ∧ F5 = 0 , (2.14b)
e−2φ
(
Rvv + 2∇v∇vφ− 1
4
HvPQHv
PQ
)
+
1
4
gvv
(
FPF
P +
1
3!
FPQRF
PQR
)
−1
2
FvFv − 1
2
1
2!
FvPQFv
PQ − 1
4
1
4!
FvPQRSFv
PQRS = 0 , (2.14c)
and that the other are solved imposing the layers. We will briefly describe how the two
layers
∗4DZ˙1 = DΘ2 , D ∗4 DZ1 = −Θ2 ∧ Dβ , Θ1 = ∗4Θ1 , (2.15a)
∗4DZ˙2 = DΘ1 , D ∗4 DZ2 = −Θ1 ∧ Dβ , Θ2 = ∗4Θ2 , (2.15b)
∗4DZ˙4 = DΘ4 , D ∗4 DZ4 = −Θ4 ∧ Dβ , Θ4 = ∗4Θ4 , (2.15c)
∗4DZ˙5 = DΘ5 , D ∗4 DZ5 = −Θ5 ∧ Dβ , Θ5 = ∗4Θ5 , (2.15d)
and
Dω + ∗4Dω + F dβ = Z1Θ1 + Z2Θ2 − 2Z4Θ4 − 2Z5Θ5 , (2.16a)
∗4D ∗4
(
ω˙ − 1
2
DF
)
= ∂2v (Z1Z2 − Z24 − Z25)− [Z˙1Z˙2 − (Z˙4)2 − (Z˙5)2]
− 1
2
∗4 (Θ1 ∧Θ2 −Θ4 ∧Θ4 −Θ5 ∧Θ5) , (2.16b)
emerge from the system (2.14).
2.3.1 The Field Strengths
The first thing to notice is that everything is torus-independent, i.e. ∂zi = 0 , ∀i. By the
fact that the solution should be BPS, it is also u−independent and then ∂u = 0. Then
8
the ten dimensional differential operator d = dxM ∧ ∂M can be split as3
d = d4 + dv ∧ ∂v = D + (dv + β) ∧ ∂v ≡ D + dvˆ ∧ ∂v . (2.18)
It will be useful to introduce the following gauge invariant objects, in analogy with [30],
Θ1 ≡ Da1 + γ˙2 , Θ4 ≡ Da4 + δ˙2 , Θ5 ≡ Da5 + δ˙5 ,
Ξ1 = Dγ2 − a1 ∧ Dβ , Ξ4 = Dδ2 − a4 ∧ Dβ , Ξ5 = Dδ5 − a5 ∧ Dβ ,
(2.19)
so that we can compute the field strengths via the split4
H3 = H(3)3 +H(1)3 ∧ ω5 , (2.21a)
F1 = F
(1)
1 , (2.21b)
F3 = F
(3)
3 + F
(1)
3 ∧ ω5 , (2.21c)
F5 = F
(5)
5 + F
(3)
5 ∧ ω5 + F(1)5 ∧ v̂ol4 , (2.21d)
where v̂ol4 is the volume form of the compact torus. The Field Strengths are then
H(1)3 = −D
(
Z5
Z2
)
− ∂v
(
Z5
Z2
)
dvˆ , (2.22a)
H(3)3 = −D
(
Z4
P
)
∧ duˆ ∧ dvˆ + Z4
P
Dβ ∧ duˆ
+
[
Θ4 − Z4
P
Dω
]
∧ dvˆ + Ξ4 , (2.22b)
and
F
(1)
1 = D
(
Z2Z4
P˜
)
+ ∂v
(
Z2Z4
P˜
)
dvˆ , (2.23)
and
F
(1)
3 =
Z2Z4
P˜
D
(
Z5
Z2
)
+
Z2Z4
P˜
∂v
(
Z5
Z2
)
dvˆ (2.24a)
3Notice that, on a generic form fp,
D2fp = −Dβ ∧ f˙p . (2.17)
4Please notice that, since d(duˆ) = Dω + dvˆ ∧ ω˙ and d(dvˆ) = Dβ + dvˆ ∧ β˙,
d(duˆ ∧ dvˆ) = Dω ∧ dvˆ −Dβ ∧ duˆ− β˙ ∧ duˆ ∧ dvˆ = Dω ∧ dvˆ −Dβ ∧ duˆ , (2.20)
since we assume β˙ = 0. Also, since β˙ = 0, Dβ = dβ.
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F
(3)
3 = −
[
D
(
Z2
P
)
− Z2Z4
P˜
D
(
Z4
P
)]
∧ duˆ ∧ dvˆ + Z2
P˜
Dβ ∧ duˆ
+
[(
Θ1 − Z2Z4P˜
Θ4
)
− Z2
P˜
Dω
]
∧ dvˆ
+
[
Ξ1 − Z2Z4P˜
Ξ4
]
, (2.24b)
where we have used that
Z2
P
− Z2Z4
P˜
Z4
P
=
Z2
P˜
. (2.25)
Finally we have
F
(1)
5 = D
(
Z4
Z2
)
+ ∂v
(
Z4
Z2
)
dvˆ (2.26a)
F
(3)
5 = −
Z2
P
D
(
Z5
Z2
)
∧ duˆ ∧ dvˆ +
[
Θ5 − Z5
Z2
Θ1
]
∧ dvˆ
+
[
Ξ5 − Z5
Z2
Ξ1
]
(2.26b)
F
(5)
5 = −
[
Z4
P
Ξ1 − Z2
P
Ξ4
]
∧ duˆ ∧ dvˆ
+ [Dx3 −Θ4 ∧ γ2 + a1 ∧ Ξ4] ∧ dvˆ
+ [x3 ∧ Dβ + Ξ4 ∧ γ2] . (2.26c)
Now notice that x3 ∧ Dβ + Ξ4 ∧ γ2 = 0 since it is a 3 form wedge a 2 form in a 4
dimensional space. We recall that in eq. (2.17) of [19] they define
Ω4 ≡ Dx3 −Θ4 ∧ γ2 + a1 ∧ Ξ4 , (2.27)
so we recover this combination as expected:
F
(5)
5 = +
Z2
P
[
Ξ4 − Z4
Z2
Ξ1
]
∧ duˆ ∧ dvˆ + Ω4 ∧ dvˆ . (2.28)
We can also use that α = P˜
P
so that
F
(5)
5 = α
Z2
P˜
[
Ξ4 − Z4
Z2
Ξ1
]
∧ duˆ ∧ dvˆ + Ω4 ∧ dvˆ . (2.29)
2.3.2 The eq. (2.14a)
We now study eq. (2.14a). We employ our split (2.20) and see that
∗F5 = 1
α
P˜
Z22
∗6 F(5)5 ∧ v̂ol4 − ∗6F(3)5 ∧ ω5 + α
Z22
P˜
∗6 F(1)5 . (2.30)
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So the type IIB supergravity equation (2.14a) becomes the set
I(5) ≡ F(5)5 − α
Z22
P˜
∗6 F(1)5 = 0 , (2.31a)
I(3) ≡ F(3)5 + ∗6F(3)5 = 0 , (2.31b)
I(1) ≡ F(1)5 −
1
α
P˜
Z22
∗6 F(5)5 = 0 . (2.31c)
So that we get, using that α
Z22
P˜ P = Z
2
2 ,
I(1) =
[
D
(
Z4
Z2
)
+
1
Z2
(
∗4Ξ4 + Z4
Z2
∗4 Ξ1
)]
+
[
∂v
(
Z4
Z2
)
− 1
Z22
∗4 Ω4
]
dvˆ ,
(2.32)
that gives two equations
D
(
Z4
Z2
)
= − 1
Z2
(
∗4Ξ4 − Z4
Z2
∗4 Ξ1
)
, (2.33a)
Z22 ∂v
(
Z4
Z2
)
= ∗4Ω4 . (2.33b)
These two equations resemble eqs. (3.45) and (3.47) of [16]. Notice also that I(1) is the
dual of I(5), so the only new EoM is I(3) that is, broadly speaking, “self-dual”:
I(3) =
1
P
[
Z2D
(
Z5
Z2
)
+ ∗4Ξ5 − Z5
Z2
∗4 Ξ1
]
∧ duˆ ∧ dvˆ
+
[(
Θ5 − Z5
Z2
Θ1
)
− ∗4
(
Θ5 − Z5
Z2
Θ1
)]
∧ dvˆ
−
[
Z2 ∗4 D
(
Z5
Z2
)
−
(
Ξ5 − Z5
Z2
Ξ1
)]
.
(2.34)
This gives5
Θ5 = ∗4Θ5 , Θ1 = ∗4Θ1 , (2.35)
and
Z2D
(
Z5
Z2
)
= − ∗4 Ξ5 + Z5
Z2
∗4 Ξ1 . (2.36)
Notice that, since D
(
Z5
Z2
)
= 1
Z2
DZ5 − 1Z22 DZ2, we can recast the equations as
∗4DZ2 = Ξ1 , ∗4DZ4 = Ξ4 , ∗4DZ5 = Ξ5 , (2.37)
5Actually, this imposes the self-duality of
(
Θ5 − Z5Z2 Θ1
)
, but imposing also the gauge equation for
F3 we have to impose independently the self-duality condition on all the Θ’s.
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Where we have used that ∗d ∗d αp = (−1)p(d−p)s ∗d αp, where s is the signature value.
So, to recap, we have
∗4DZ2 = Ξ1 , ∗4DZ4 = Ξ4 , ∗4DZ5 = Ξ5 , (2.38a)
Θ1 = ∗4Θ1 , Θ4 = ∗4Θ4 , Θ5 = ∗4Θ5 , (2.38b)
Ω4 = Z
2
2 ∗4 ∂v
(
Z4
Z2
)
, ∗4Dβ = Dβ . (2.38c)
Now, using that D2fp = −Dβ ∧ f˙p, we can rewrite (2.38a) as (2.15).
2.3.3 The eq. (2.14b)
We now see how the IIB sugra equation
d ∗ F3 +H3 ∧ F5 = 0 , (2.39)
translates in our notation. First, we employ again the splitting (2.20) to have
∗F3 = −α ∗6 F(1)3 ∧ ω5 +
P˜
Z22
∗6 F(3)3 ∧ v̂ol4 , (2.40)
and get the set of equations
d
[
P˜
Z22
∗6 F(3)3
]
+H(3)3 ∧ F(1)5 − 2H(1)3 ∧ F(3)5 = 0 , (2.41a)
d
[
−α ∗6 F(1)3
]
+H(3)3 ∧ F(3)5 +H(1)3 ∧ F(5)5 = 0 , (2.41b)
where we have used the fact that ω5 ∧ ω5 = −2v̂ol4. We will now focus on the first one,
and notice that
H(1)3 ∧ F(3)5 = H(1)3 ∧
[
dC
(2)
4 −H(1)3 ∧ C(2)2
]
= H(1)3 ∧ dC(2)4
= d
[
B
(0)
2 dC
(2)
4
]
,
H(3)3 ∧ F(1)5 = H(3)3 ∧ dC(0)4
= −d
[
H(3)3 C(0)4
]
,
(2.42)
so that the equation becomes
d
[
P˜
Z22
∗6 F(3)3 −H(3)3 C(0)4 − 2B(0)2 dC(2)4
]
= 0 . (2.43)
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To extract the solution we write it as
P˜
Z22
∗6 F(3)3 −H(3)3 C(0)4 − 2B(0)2 dC(2)4 = −dC˜(2)2 − dB˜(2)2 , (2.44)
where, in strict analogy with previous computations in the literature [16–21],
C˜
(2)
2 = −
Z1
P
duˆ ∧ dvˆ + a2 ∧ dvˆ + γ1 , B˜(2)2 = −
1
Z2
Z25
P
duˆ ∧ dvˆ , (2.45)
we obtain, from the duˆ component of the equation, that
∗4Dβ = Dβ , (2.46)
and, from the dvˆ component of the equation, that
Dω + ∗4Dω + F dβ = Z1Θ1 + Z2Θ2 − 2Z4Θ4 − 2Z5Θ5 , (2.47)
where we have used ΘI = ∗4ΘI .
2.3.4 The eq. (2.14c)
To solve eq. (2.14c) we need the split xM = (xµ, zi) = (xui , xa, zi) where xui = (u, v) and
gMNdx
MdxN =
√
α gµνdx
µdxν +Xδijdz
idzj , (2.48)
where X =
√
P˜
Z2
and α = P˜
P
, and
gµνdx
µdxν = Guiuj (dx
ui + Aui)(dxuj + Auj ) +
√
P qabdx
adxb , (2.49)
and where
Aui = Auia dx
a , Au = ω , Av = β , Guiuj =
(
0 − 1√
P
− 1√
P
− F√
P
)
, (2.50)
so that6
gµν =
(
Guiuj GuiujA
ui
a
Auia Guiuj
√
P qab +GuiujA
ui
a A
uj
b
)
, gµν =
(
Guiuj + 1√
P
qabAuia A
uj
b − 1√P qabA
ui
b
− 1√
P
Auia q
ab 1√
P
qab
)
.
(2.52)
6Notice that
Guiuj =
(
0 − 1√
P
− 1√
P
− F√
P
)
, Guiuj =
(√
PF −√P
−√P 0
)
. (2.51)
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Notice that we can inherit the results of [31]; in particular, their eq. (3.30). We can
define the sechsbein as
e+ =
1√
P
(dv + β), e− =
1√
P
[
du+ ω +
F
2
(dv + β)
]
, ea = P1/4 e˜a , (2.53)
so that
ηabe
aeb = 2η+−e
+e− +
√
P δabe˜
ae˜b = ds26 . (2.54)
With this kind of metric we can use eq. (3.30) of [31]7
Rvv = ∗4D ∗4 L+ 1
2
1
P
(
Dω + 1
2
Fdβ
)2
− 1
2
√
P qab∂2v
(√
P qab
)
− 1
4
∂v
(√
P qab
)
∂v
(√
P qab
)
,
(2.55)
where H =
√
P and
L ≡ ω˙ − 1
2
DF . (2.56)
With the right amount of time and, by using eqs. (2.15) and (2.47) intensively, one
can extract the last equation
∗4D ∗4
(
ω˙ − 1
2
DF
)
= ∂2v (Z1Z2 − Z24 − Z25)− [Z˙1Z˙2 − (Z˙4)2 − (Z˙5)2]
− 1
2
∗4 (Θ1 ∧Θ2 −Θ4 ∧Θ4 −Θ5 ∧Θ5) .
3 The dual CFT description
We now stop for a moment our discussion on the Supergravity side to introduce the
holographic CFT dual language that turns out to be of great utility and importance to
understand the Supergravity solutions we will construct.
The geometries we have discussed are asymptotically AdS3 × S3 × T 4 and, according
to the AdS/CFT paradigm, they correspond to semiclassical states in some dual CFT at
large central charge. The dual holographic theory is often dubbed D1D5 CFT [24,25,32–
34] and it is a two dimensional superconformal field theory with N = (4, 4) supercharges
and a SO(4)R ≃ SU(2)L×SU(2)R R−symmetry group which is holographically identified
with the rotations of the S3; there is also a SO(4)I ≃ SU(2)1 × SU(2)2 symmetry group
associated to the rotation of the compact T 4 and its spinorial representations are also
used to label the fields in the theory. The D1D5 CFT at a special point of its moduli
space, called free orbifold point, can be described as a non-linear sigma model with
7Notice that in [31] u↔ v and also they use the mostly plus signature of the metric.
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target space (T 4)N/SN , where SN is the permutation group with N element and where
N = n1n5, with n1 is the number of D1 branes and n5 is the number of D5 brane in the
supergravity construction; its central charge is
c = 6n1n5 = 6N . (3.1)
It is then useful to visualize the CFT states by representing the N copies, labelled by
an integer index (r), as N strings, on which four bosons and four fermions live; labelling
with α, α˙ = ± the spinorial indexes of the R−symmetry group, with A, A˙ = 1, 2 the
spinorial indexes of the SO(4)I group, they are(
XAA˙(r) (z, z¯) , ψ
αA˙
(r) (z) , ψ˜
α˙A˙
(r) (z¯)
)
. (3.2)
The D1D5 CFT contains also twist operators that glue together k copies of the free field
into a single strand on length k. This implies that a generic state in the CFT consists in
a product of Nki strands with length ki, such that the total winding is N , i.e.∑
i
∑
ki
kiNki = N . (3.3)
The supergravity solutions we are interested in are dual to 1
8
−BPS three-charge state
and we can label them with their holographic dual CFT state since supersymmetry
protects their conformal dimensions and their 3−point functions. We will show how
these three-charge states can be obtained starting from 1
4
−BPS two-charge states by
acting suitably with the generators of the compact subgroup of the Symmetry Algebra,
and in order to do so, we first need to introduce the full set of two-charge states.
3.1 Two-Charge States
The Black Hole microstates are dual to heavy states in the Ramond sector of the CFT.
A typical heavy state will be a product of Ni strands with length ki, and we will describe
them strand by strand. In the Ramond sector, on each strand, we can act on the vacuum
with the fermion zero modes ψ−A˙0 , ψ˜
−B˙
0 to build 2
4 states and, for concreteness, we pick
from the Ramond vacuum states the one with jL = jR = +
1
2
, i.e. |++〉k. Half of these
states are fermionic, and do not have a clear holographic dual geometry; the other half of
them are bosonic, and we will focus on those. Out of these 8 states, we have the subset of
those with zero angular momentum |00〉(A˙B˙)k . We can extract a combination of those that
is invariant under transformation of the Torus, i.e. |00〉k = εA˙B˙|00〉(A˙B˙)k , while the others
are non-invariant under transformations of the Torus; to build our heavy states, we will
pick the state |00〉1˙1˙k without loss of generality. Here we use the notation commonly used
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in the literature; we want to stress the fact that all the states written above have zero
angular momentum.
To be explicit, we will study in the next section the geometry dual to the two-charge
Heavy state
|H〉 =
∏
[|++〉1]N
(++)
[|00〉k1]N
b
k1
[
|00〉(1˙1˙)k2
]Nc
k2
,
N = N
(++)
1 +
∑
k1
k1N
b
k1 +
∑
k2
k2N
c
k2 .
(3.4)
3.1.1 The profile functions and their holographic interpretation
We now want to briefly describe the map between the two-charge states and their dual
geometry. As explained in detail in [11,19,21,33], we can construct two-charge solutions
of type IIB supergravity in the D1D5 frame by assigning a F1P profile and the acting
with the proper chain of dualities; this will led to a definitions of the ZI , β and ω in
terms of those profiles:
Z1 =
Q5
L
∫ L
0
|g˙i(v′)|2 + |g˙5(v′)|2 + |g˙α−(v′)|2
|xi − gi(v′)|2 dv
′ , Z2 =
Q5
L
∫ L
0
dv′
|xi − gi(v′)|2 ,
Z4 = −Q5
L
∫ L
0
g˙5(v
′)
|xi − gi(v′)|2 dv
′ , Z5 = −Q5
L
∫ L
0
g˙α−(v′)ωα−
|xi − gi(v′)|2 dv
′ ,
dγ2 = ∗4dZ2 , dγ1 = ∗4dZ1 , dδ4 = ∗4dZ4 , dδ5 = ∗4dZ5 ,
A = −Q5
L
∫ L
0
g˙j(v
′) dxj
|xi − gi(v′)|2 dv
′ , dB = − ∗4 dA , ds24 = δijdxidxj ,
β =
−A +B√
2
, ω =
−A−B√
2
, F = 0 , aI = 0 , x3 = 0 ,
(3.5)
where L = 2piQ5/R and where ωα− is a basis of anti-self dual two forms on the compact
T 4:
ωα− = (ω1− , ω2− , ω3−) ,
ω1− =
(
dz1 ∧ dz2 − dz3 ∧ dz4) ,
ω2− =
(
dz1 ∧ dz3 + dz2 ∧ dz4) ,
ω3− =
(
dz1 ∧ dz4 − dz2 ∧ dz3) .
(3.6)
16
The profile we need to construct the geometry dual to the heavy state (3.4) is the following
g1 + ig2 = a e
2piiv′
L ,
g3 + ig4 = 0,
g5 = − b
k1
sin
(
2pik1v
′
L
)
,
gα− = − c
k2
sin
(
2pik2v
′
L
)
.
(3.7)
The holographic dictionary then relates [11, 19, 21, 33]
N (++)
N
=
a2
a20
,
k1N
b
k1
N
=
b2
2a20
,
k2N
c
k2
N
=
c2
2a20
, a2 +
b2
2
+
c2
2
= a20 ≡
Q1Q5
R2
. (3.8)
Here R is the S1 radius and Q1 and Q5 are the D1 and D5 supergravity charges; they are
related to the number n1 and n5 via
Q1 =
(2pi)4gs(α
′)3
VT 4
n1 , Q5 = gsα
′ n5 , (3.9)
where gs is the string coupling constant and where VT 4 is the volume of the T
4.
3.2 Three charge states
Starting from the D1D5 geometry dual to the state in (3.4) we can build a D1D5P
geometry that is dual to a superdescendant of the heavy state (3.4); as explained in
[17, 19, 21] we can act with the symmetries of the CFT on each strand to generate new
solutions. Since
(J+−1)
m1 |00〉k1 = 0 , ∀m1 > k1 , (3.10)
we can act with a global transformation eχ(J
+
−1−J−+1) on the two-charge state [17]; picking
a certain choice for χ, i.e. χ = pi/2, the resulting state is obtained as a product of states
on which we have acted with the maximum number of J+−1:
|H˜〉 =
∏
[|++〉1]N
(++) [
(J+−1)
k1|00〉k1
]Nb
k1
[
(J+−1)
k2 |00〉(1˙1˙)k2
]Nc
k2
. (3.11)
To construct its dual geometry we can start from the dual geometry of (3.4) and act,
on the supergravity side already in the Ramond sector, with the transformation
θ → pi
2
− θ , φ→ −ψ +
√
2 v
R
, ψ → −φ+
√
2 v
R
. (3.12)
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We will see in the next section what are the dual geometries of these heavy states |H〉,
|H˜〉 and we will check that those geometries satisfies our layer equations (2.15, 2.16),
furnishing a non-trivial check for those equations.
We will also build new non-superdescendant geometries that are dual to more compli-
cated Heavy states by means of the action of the generators of the algebra on the strands
of the two-charge states; in particular we can act on them with (L−1 − J3−1)n and with
(J+−1)
m, as in [21], giving∣∣H(k1,m1,n1),(k2,m2,n2)〉 =∏ [|++〉1]N(++) [(L−1 − J3−1)n1(J+−1)m1 |00〉k1]Nbk1,m1,n1 ·
·
[
(L−1 − J3−1)n2(J+−1)m2 |00〉(1˙1˙)k2
]Nc
k2,m2,n2
.
(3.13)
They are called superstrata, in order to distinguish them from the rigidly generated
superdescendants [19, 21].
We now want to remark the fact that those states will have a dual geometry that
will not be invariant under rotation of the compact space T 4; this is easy to see from
the CFT point of view because these states have explicit indexes of the torus symmetry
group SO(4)I , so are not invariant under SO(4)I−transformations.
4 Three-Charge Superstrata with internal excitations:
solutions
4.1 The Superdescendant check
We can start from the two-charge geometry with both Z4 and Z5 excitations; as described
in the previous section, the geometry we want to consider is holographically dual to the
Heavy state (3.4). The dual Geometry is a two-charge D1D5 geometry [11] described by
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the general ansatz (2.10) with
Z1 =
R2
Q5
a2 + b
2
2
+ c
2
2
Σ
+
R2a2k1
2Q5
b2 sin2k1 θ cos 2k1φ
Σ (r2 + a2)k1
+
R2a2k2
2Q5
c2 sin2k2 θ cos 2k2φ
Σ (r2 + a2)k2
,
Z2 =
Q5
Σ
, Z4 = R b a
k1
sink1 θ cos k1φ
Σ (r2 + a2)
k1
2
, Z5 = R c a
k1
sink2 θ cos k2φ
Σ (r2 + a2)
k2
2
,
a1 = 0 , a4 = 0 , a5 = 0 , x3 = 0 ,
γ2 = −Q5 r
2 + a2
Σ
cos2 θ dφ ∧ dψ ,
δ4 = −R b ak1 sin
k1 θ
(r2 + a2)
k1
2
(
r2 + a2
Σ
cos2 θ cos k1φ dφ ∧ dψ + sin k1φ cot θ dθ ∧ dψ
)
,
δ5 = −R c ak2 sin
k2 θ
(r2 + a2)
k2
2
(
r2 + a2
Σ
cos2 θ cos k2φ dφ ∧ dψ + sin k2φ cot θ dθ ∧ dψ
)
.
(4.1)
We will now to generate a three-charge solutions that is one of its superdescendants;
to do so we will use the generating solution technique of [17]; on the supergravity side
the transformation we have to employ is, already in the Ramond Sector,
θ → pi
2
− θ , φ→ −ψ +
√
2 v
R
, ψ → −φ+
√
2 v
R
. (4.2)
This rigidly generated solution is a three-charge, 1
8
−BPS geometry that solves the two
layers (2.15, 2.16). We remark that this is a highly non-trivial check for those equations.
The explicit solution is defined in terms of
Z1 =
R2
2Q5
1
Σ
[(
2a2 + b2 + c2
)
+
a2k1 cos2k1 θ
(r2 + a2)k1
b2 cos (2k1vˆ)
+
a2k2 cos2k2 θ
(r2 + a2)k2
c2 cos (2k2vˆ)
]
,
Z2 =
Q5
Σ
,
Z4 =
R
Σ
b
ak1 cosk1 θ
(r2 + a2)
k1
2
cos (k1vˆ) , Z5 =
R
Σ
c
ak2 cosk2 θ
(r2 + a2)
k2
2
cos (k2vˆ) ,
F = − 1
r2 + a2 sin2 θ
[
b2
(
1− a
2k1 cos2k1 θ
(r2 + a2)k1
)
+ c2
(
1− a
2k2 cos2k2 θ
(r2 + a2)k2
)]
,
(4.3)
where we have defined for convenience
vˆ =
√
2 v
R
− ψ . (4.4)
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Other details on this superdescendant solution can be found in app. A. We want to stress
that the presence of a non-vanishing F with the proper large r asymptotic signals the
presence of a non vanishing P charge [33]:
F = −2(b
2 + c2)
2r2
+O(r−3) ≡ −2QP
r2
+O(r−3). (4.5)
4.2 The superstratum ansatz: (k,m, n) = (1, 0, n1), (1, 0, n2)
We want now to build a superstratum solution that is not a superdescendant of a two-
charge state. In order to do so we follow the recipe outlined in sec. 2.4 of [19]: we will
start with a good ansatz for the ZI functions that satisfy the first layer (2.15); then we
use this ansatz to derive the sources of the second layer (2.16) in order to solve them for
ω and F . This gives a set of linear partial differential equations for ω and F .
We start superimposing two Fourier modes, one for Z4 and one for Z5, described, in
the notation introduced in [21], by the triplet (k,m, n) = (1, 0, n1), (1, 0, n2), respectively.
We define
∆k,m,n =
(
a√
r2 + a2
)k (
r√
r2 + a2
)n
sink−m θ cosm θ ,
vˆk,m,n = (m+ n)
√
2 v
R
+ (k −m)φ−mψ ,
ϑk,m,n = −
√
2∆k,m,n
[(
(m+ n)r sin θ + n
(m
k
− 1
) Σ
r sin θ
)
Ω(1) sin vˆk,m,n
+
(
m
(n
k
+ 1
)
Ω(2) + n
(m
k
− 1
)
Ω(3)
)
cos vˆk,m,n
]
,
(4.6)
and the basis of self-dual two forms on the base space ds24
Ω(1) =
dr ∧ dθ
(r2 + a2) cos θ
+
r sin θ
Σ
dφ ∧ dψ ,
Ω(2) =
r
r2 + a2
dr ∧ dψ + tan θ dθ ∧ dφ ,
Ω(3) =
dr ∧ dφ
r
− cot θ dθ ∧ dφ .
(4.7)
We will then construct a geometry whose holographic dual is the heavy state (3.13) with
(k,m, n) = (1, 0, n1), (1, 0, n2), respectively.
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The supergravity ansatz is then8
Z1 =
Q1
Σ
+
R2
2Q5
b2
∆2,0,2n1
Σ
cos vˆ2,0,2n1 +
R2
2Q5
c2
∆2,0,2n2
Σ
cos vˆ2,0,2n2 , Z2 =
Q5
Σ
,
Z4 = R b
∆1,0,n1
Σ
cos vˆ1,0,n1 , Z5 = R c
∆1,0,n2
Σ
cos vˆ1,0,n2 .
(4.9)
where the definition of Z1 is inspired by the superdescendant case and is defined in a
way that assures the “coiffuring” [35–37]. This “coiffuring” is a procedure that consists
in adjusting the Fourier coefficient of (Z1,Θ2) in terms of those of (Z4,Θ4) and (Z5,Θ5)
in order to have a smooth geometry at the end. In fact, since the first layer of equations
consists in a set of decoupled second-order PDE for the couples (ZI ,Θ
I), a priori we have
no relation whatsoever among Z1, Z2, Z4, Z5. But only an appropriate choice of the Z1
in terms of the Z4, Z5 will lead to a well-defined, smooth solution (ω,F) for the second
layer of equations.
Based on previous result for geometries with a single internal mode for Z4 [35–37],
where the correct Z1 is chosen such that Z1Z2−Z24 was v−independent, we have coiffured
our geometry as the following: after having chosen the Fourier modes for Z4 and Z5, i.e.
having chosen the dual CFT state (3.13) described by
∣∣H(1,0,n1),(1,0,n2)〉, we choose Z1
such that P is v−independent. This will also imply that in the second layer we will not
have any v−dependent sources, allowing us to construct a v−independent ω and F that
we will denote as ωRMS and FRMS.
Please notice that in this paper we will work with only one Fourier mode for Z4 and
Z5; one may think to generalize it allowing many different Fourier modes for both of
them and then have a more involved “coiffuring”; for sake of simplicity we will restrain
to do that here.
Then we define
Θ1 = 0 , Θ2 =
R
2Q5
b ϑ2,0,2n1 +
R
2Q5
c ϑ2,0,2n2 ,
Θ4 = b ϑ1,0,n1 , Θ5 = c ϑ1,0,n2 .
(4.10)
By construction this set solves the first Layer (2.15). We are then left to solve the second
Layer (2.16); in order to do that we need a good ansatz for ω and F . We are searching
now for asymptotically AdS solutions, then we define
ωAdS = ω0 + ω
RMS(r, θ) , F = FRMS(r, θ) , (4.11)
8We will use the regularity condition for this case, that is
Q1Q5
R2
= a2 +
b2
2
+
c2
2
. (4.8)
Later on we will explain in detail how this condition emerges.
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where ω0 is the one of the original two-charge solution
9, and where RMS stands for the
non-oscillating part. The oscillating part in asymptotically AdS geometry turns out to
decouple from the RMS part, so we do not need to include them, and we avoid their
analysis.
The Second Layer gives EoM of the form
dωRMS + ∗4dωRMS + FRMSdβ0 = J (1)n1,n2 ,
L̂FRMS = J (2)n1,n2 ,
(4.13)
where β0 is the one of the two-charge state, and where
L̂F ≡ 1
rΣ
∂r
(
r(r2 + a2)∂rF
)
+
1
Σ sin θ cos θ
∂θ (sin θ cos θ ∂θF ) , (4.14)
is the scalar Laplacian on the base space, i.e. L̂F = −∗4D∗4DF . We can easily see that
the sources have a linear form in the b, c parameters and also that, in the first equation,
there is no Ω(1) direction, and then ωr = 0 = ωθ; in particular they are
J (1)n1,n2 =
√
2R
(
b2
∆2,0,2n1
Σ
n1 + c
2 ∆2,0,2n2
Σ
n2
)
Ω(3) ,
J (2)n1,n2 =
4
r2 + a2
1
Σ cos θ
(
b2∆2,2,2n1−2 n
2
1 + c
2∆2,2,2n2−2 n
2
2
)
.
(4.15)
We have then to solve the system
dωRMS + ∗4dωRMS + FRMSdβ0 =
√
2R
(
b2
∆2,0,2n1
Σ
n1 + c
2 ∆2,0,2n2
Σ
n2
)
Ω(3) ,
L̂FRMS = 4
r2 + a2
1
Σ cos θ
(
b2∆2,2,2n1−2 n
2
1 + c
2∆2,2,2n2−2 n
2
2
)
.
(4.16)
Those equations are linear, and are of the same form of the eqs. (4.7, 4.8) of [21]; then
superimposing a linear combination of the form
ωAdS = ωAdS1,0,n1 + ω
AdS
1,0,n2
, FAdS = FAdS1,0,n1 + FAdS1,0,n2 , (4.17)
we have two identical set of equations that are exactly the one appearing in [21]
dωRMS1,0,ni + ∗4dωRMS1,0,ni + FRMS1,0,nidβ0 =
√
2Rb2i
∆2,0,2ni
Σ
niΩ
(3) ,
L̂FRMS1,0,ni =
4n2i
r2 + a2
b2i
∆2,2,2ni−2
Σ cos θ
, bi = (b, c),
(4.18)
9In detail, we have
β0 =
Ra2√
2Σ
(
sin2 θ dφ− cos2 θ dψ) , ω0 = Ra2√
2Σ
(
sin2 θ dφ+ cos2 θ dψ
)
. (4.12)
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where they are also solved.
This behaviour is quite obvious: having imposed only one mode for Z4 and one for
Z5, after the right linear “coiffuring” of Z1, the linearity of the layers equations - and the
fact that Θ1 = 0 - imposes that we can solve separately the equations; to be more clear
let us define
Z1 = Z
(0)
1 + Z
(b)
1 + Z
(c)
1 , Z2 = Z
(0)
2 , Θ2 = Θ
(b)
2 + Θ
(b)
2 , (4.19)
such that the first layer is separately solved by the couples
(
Z
(b)
1 ,Θ
(b)
2
)
and
(
Z
(c)
1 ,Θ
(c)
2
)
as is our case. Then, defining also
ωAdS = ωAdS(b) + ω
AdS
(c) , FAdS = FAdS(b) + FAdS(c) , (4.20)
and using the layer equations for the ω0, the second layer decouples into
Dω(i) + ∗4Dω(i) + F(i) dβ = Z(i)1 Θ(0)1 + Z(0)2 Θ(i)2 − 2Z(i)Θ(i) , (4.21a)
∗4D ∗4
(
ω˙(i) − 1
2
DF(i)
)
= ∂2v(Z
(i)
1 Z
(0)
2 − Z(i))− [Z˙(i)1 Z˙(0)2 − (Z˙(i))2]
− 1
2
∗4
(
Θ
(0)
1 ∧Θ(i)2 −Θ(i) ∧Θ(i)
)
, (4.21b)
Z
(i)
1 =
(
Z
(b)
1 , Z
(c)
1
)
, Z(i) = (Z4, Z5) , (4.21c)
Θ
(i)
2 =
(
Θ
(b)
2 ,Θ
(c)
2
)
, Θ(i) = (Θ4,Θ5) . (4.21d)
We can then read the solution directly from [21]; for the (k,m, n) = (1, 0, n1), (1, 0, n2)
case we have
FRMS = − b
2
a2
(
1− r
2n1
(r2 + a2)n1
)
− c
2
a2
(
1− r
2n2
(r2 + a2)n2
)
, (4.22a)
ωRMS =
R√
2Σ
[
b2
(
1− r
2n1
(r2 + a2)n1
)
+ c2
(
1− r
2n2
(r2 + a2)n2
)]
sin2 θ dφ . (4.22b)
4.3 The superstratum ansatz: (k,m, n) generic
In the light of the discussion of the previous section, it is now immediate to generalize
the solution to generic (k1, m1, n1) and (k2, m2, n2); with the right ansatz for the ZI
Z1 =
Q1
Σ
+
R2
2Q5
b2
∆2k1,2m1,2n1
Σ
cos vˆ2k1,2m1,2n1 +
R2
2Q5
c2
∆2k2,2m2,2n2
Σ
cos vˆ2k2,2m2,2n2 ,
Z2 =
Q5
Σ
, Z4 = Rb
∆k1,m1,n1
Σ
cos vˆk1,m1,n1 , Z5 = R c
∆k2,m2,n2
Σ
cos vˆk2,m2,n2 ,
(4.23)
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and for the ΘI
Θ1 = 0 , Θ2 =
R
2Q5
b ϑ2k1,2m1,2n1 +
R
2Q5
c ϑ2k2,2m2,2n2 ,
Θ4 = b ϑk1,m1,n1 , Θ5 = c ϑk2,m2,n2 ,
(4.24)
splitting the ω and the F as
ωAdS = ω0 + ω
RMS(r, θ) , F = FRMS(r, θ) ,
ωRMS = ωRMSk1,m1,n1 + ω
RMS
k2,m2,n2
, FRMS = FRMSk1,m1,n1 + FRMSk2,m2,n2 ,
(4.25)
we get two identical systems
dωRMSk,m,n + ∗4dωRMSk,m,n + FRMSk,m,ndβ0 =
√
2R b2i
∆2k,2m,2n
Σ
(
m(k + n)
k
Ω(2) − n(k −m)
k
Ω(3)
)
,
(4.26a)
L̂FRMSk,m,n =
4b2i
r2 + a2
1
Σ cos2 θ
[(
m(k + n)
k
)2
∆2k,2m,2n +
(
n(k −m)
k
)2
∆2k,2m+2,2n−2
]
,
(4.26b)
where bi = (b, c). This system coincides exactly with eqs. (4.7, 4.8) of [21]. So we can
inherit from there the solution and, in the following, we will briefly review how those
solutions are found: we split
ωRMSk,m,n = µk,m,n(dψ + dφ) + ζk,m,n(dψ − dφ), (4.27)
and then, defining
µˆk,m,n = µk,m,n +
R
4
√
2
r2 + a2 sin2 θ
Σ
Fk,m,n + R
4
√
2
b2i
∆2k,2m,2n
Σ
, (4.28)
we recast10 the system (4.26) in a system regarding only the two scalar functions Fk,m,n
and µˆk,m,n:
L̂µˆk,m,n = R b
2
i
4
√
2 (r2 + a2)
1
Σ cos2 θ
(
(k −m)2(k + n)2
k2
∆2k,2m+2,2n +
n2m2
k2
∆2k,2m,2n−2
)
,
(4.29a)
L̂Fk,m,n = 4b
2
i
r2 + a2
1
Σ cos2 θ
[(
m(k + n)
k
)2
∆2k,2m,2n +
(
n(k −m)
k
)2
∆2k,2m+2,2n−2
]
,
(4.29b)
10The equation for ω is a first-order PDE system for the components; we can rearrange it eliminating
the unwanted components. This procedure recasts the equation for the wanted d.o.f. as a second-order
PDE, the one we show.
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while ζk,m,n is determined after having determined µˆk,m,n putting (4.27) into eq. (4.26b),
as explained in [21]. Since its expression is quite cumbersome and, in the end, not
important in what follows, we restrain to write it down explicitly.
To solve eqs. (4.29) we need a function F2k,2m,2n such that
L̂F2k,2m,2n = ∆2k,2m,2n
(r2 + a2)Σ cos2 θ
, (4.30)
that is
F2k,2m,2n = −
j1+j2+j3≤k+n−1∑
j1,j2,j3=0
(
j1 + j2 + j3
j1, j2, j3
) ( k + n− 1− (j1 + j2 + j3)
k −m− j1, m− j2 − 1, n− j3
)2
(
k + n− 1
k −m,m− 1, n
)2 ×
× ∆2(k−1−j1−j2),2(m−j2−1),2(n−j3)
4(k + n)2(r2 + a2)
,
(4.31)
where (
j1 + j2 + j3
j1, j2, j3
)
≡ (j1 + j2 + j3)!
j1!j2!j3!
. (4.32)
Having that the solution is
Fk,m,n = 4b2i
[
m2(k + n)2
k2
F2k,2m,2n +
n2(k −m)2
k2
F2k,2m+2,2n−2
]
, (4.33a)
µk,m,n =
R b2i√
2
[(k −m)2(k + n)2
k2
F2k,2m+2,2n +
m2n2
k2
F2k,2m,2n−2
− r
2 + a2 sin2 θ
4Σ
1
b2i
Fk,m,n − ∆2k,2m,2n
4Σ
+
x
(i)
k,m,n
4Σ
]
, (4.33b)
where x
(i)
k,m,n are a set of numbers. Since µˆ satisfies a generalized poisson equation L̂µˆ = J ,
we always have the freedom to add a solution of L̂G = 0; this is the role of the piece
multiplied by the constant x
(i)
k,m,n; they will be fixed by requiring the regularity of the
solution at r = 0, θ = 0 and r = 0, θ = pi/2. Notice that, by linearity, we have to impose
the regularity on the two separate solutions
(
F (b)k,m,n, µ(b)k,m,n
)
and
(
F (c)k,m,n, µ(c)k,m,n
)
, and this
will separately fix the two constants x
(i)
k,m,n. This means that we can read the regularity
condition from [21]
x
(i)
k,m,n =
[(
k
m
)(
k + n− 1
n
)]−1
, (4.34)
following from requiring regularity at r = 0, θ = 0, and
Q1Q5
R2
= a2 + x
(b)
k,m,n
b2
2
+ x
(c)
k,m,n
c2
2
, (4.35)
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following from requiring regularity at r = 0, θ = pi/2. In the case (k,m, n) = (1, 0, n1),
(1, 0, n2) the two x
(i)
k,m,n are equals to one, i.e.
x
(b)
1,0,n = 1 , x
(c)
1,0,n = 1 , (4.36)
so the regularity there reads Q1Q5
R2
= a2 + b
2
2
+ c
2
2
. Since the most troublesome points in
the spacetime are the ones discussed previously, where we have shown the regularity of
the solution, we have no reason to expect problem elsewhere.
4.3.1 The absence of CTCs
Another possible issue that could affect the microstates we have built is the existence of
Closed Timelike Curves (CTCs); if these geometries have CTCs they, of course, have to
be regarded as unphysical. Proving that all the members of the family of solutions we
have found are free of CTCs is particularly involved; we will then focus on the family
(1, 0, n1), (1, 0, n2) of sec. 4.2 and we will show explicitly that it is indeed regular and free
of CTCs. To do that, we have to recast the Einstein frame metric in the t, y coordinate
as
ds26 = Gttdt
2 +Gyy(dy + A)
2 +Gθθdθ
2 +Grrdr
2
+Gφφ(dφ+Btdt+Bydy)
2 +Gψψ(dψ + Ctdt+ Cydy)
2.
(4.37)
It is indeed easy to show that, thanks to eq. (4.22), we can write
ωRMS =
Ra2√
2Σ
F sin2 θ dφ , FRMS = −F ,
F ≡ b
2
a2
(
1− r
2n1
(r2 + a2)n1
)
+
c2
a2
(
1− r
2n2
(r2 + a2)n2
)
> 0 ,
(4.38)
so that the angular terms can be written as
Gyy =
(2 + F )ΛΣ
√
2a2 + b2 + c2√
2R (a4(F + 2) cos2 θ + Λ2r2 (2a2 + b2 + c2))
r2 ,
Gθθ = R
√
a2 +
b2
2
+
c2
2
Λ ,
Gφφ =
R sin2 θ
(
Λ2 (a2 + r2) (2a2 + b2 + c2)− a4(2 + F ) sin2 θ)√
2ΛΣ
√
2a2 + b2 + c2
,
Gψψ =
R cos2 θ (a4(2 + F ) cos2 θ + Λ2r2 (2a2 + b2 + c2))√
2ΛΣ
√
2a2 + b2 + c2
,
(4.39)
where
Λ =
√
PΣ
R
√
a2 + b
2
2
+ c
2
2
. (4.40)
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Due to their cumbersomeness and their inutility for what follows, we do not show here
explicitly the form of all the other coefficients that appear in eq. (4.37).
It is quite straightforward to see that all the angular terms in eq. (4.39) are positive
and that near r = 0 they behave as
Gyy ≃
√
2a2 + b2 + c2√
2R
r2
a2
,
Gθθ ≃ R
√
a2 +
b2
2
+
c2
2
,
Gφφ ≃ R
√
2a2 + b2 + c2√
2
sin2 θ ,
Gψψ ≃ R
√
2a2 + b2 + c2√
2
cos2 θ ,
(4.41)
since Λ → 1 and F → a−2(b2 + c2) for r → 0. We have then shown that this set
of solutions has no CTCs. We want also to stress the fact that, since the S1 shrinks
smoothly in r = 0, the spacetime is geodesically complete and no possible extension in
the r < 0 region is allowed.
4.4 A detour: Asymptotically Flat geometries
We may now ask if it is possible to extend this construction to Asymptotically Flat
geometries, rather then Asymptotically AdS ones. In order to do that we need to “add
back” the 1; this means that we need to perform the shift [16, 17, 19–21]
Z1 → 1 + Z1 , Z2 → 1 + Z2 , Z4 → Z4 , Z5 → Z5 . (4.42)
This will give a more involved problem, as pointed out - and then solved - in [21]. But we
can easily see that having both Z4 and Z5 with a single mode adds no other difficulties
with the analysis discussed there; in fact we can easily see that, since Θ1 = 0 and
∂vZ2 = 0, the only difference w.r.t the asymptotically AdS case is that the sources in the
second layer equations (2.16) acquires a new term; in fact, defined
JAdS1 = Z1Θ1 + Z2Θ2 − 2Z4Θ4 − 2Z5Θ5 ,
JAdS2 = ∂
2
v(Z1Z2 − Z24 − Z25)− [Z˙1Z˙2 − (Z˙4)2 − (Z˙5)2]
− 1
2
∗4 (Θ1 ∧Θ2 −Θ4 ∧Θ4 −Θ5 ∧Θ5) ,
we simply have, after the shift (4.42) that
JAF1 = J
AdS
1 +Θ2 , J
AF
2 = J
AdS
2 + ∂
2
vZ1 . (4.43)
Now we cannot decouple the v−dependent modes, as it was in [21]; but, by linearity of
the equation and of the sources, our problem simplifies dramatically, leaving us, again,
with (twice) the same problem of [21]. We can then again follow their steps and build an
Asymptotically Flat superstratum solution. Since this analysis will not add anything to
our discussion, and since it is very cumbersome, we will avoid performing that in detail
here.
5 Conclusions
Working in the framework of type IIB string theory on a compact T 4, we have defined
the ansatz (2.10) for the most general D1D5P BPS geometry, allowing excitations also
in the internal T 4. We have then shown under which conditions this ansatz is a 1
8
−BPS
solution of type IIB supergravity. We have then built a superdescendant D1D5P geometry
from a D1D5 geometry with the generating solution technique of [17] and, proving that
this geometry solves our system (2.15, 2.16), we furnished a non-trivial check for those
equations.
We have shown how it is possible to construct new asymptotically AdS D1D5P su-
perstratum solutions with internal excitations, inheriting known results in literature and
extending them; we have built superstrata adding only one mode for the external exci-
tation Z4 and one mode for the internal excitation Z5; we have explicitly written down
the solution (4.22) for the (k,m, n) = (1, 0, n1), (1, 0, n2) case, but we have also shown
implicitly the generic (k1, m1, n1), (k2, m2, n2) case. We have also discussed how it is
possible to extend these results to the Asymptotically Flat case, that could be useful for
the Fuzzball proposal.
One may wonders if this class constitutes the full set of possible microstates; actually
it is fairly general, but does not contain all the possible heavy states: one example of
microstate that does not fall in this class is the one recently constructed in [38], obtained
by acting also with the fermionic generators of the superconformal algebra.
As a step forward, one may think of adding more modes for both internal and external
excitations; this procedure will require a careful “coiffuring” that could give a family of
more general D1D5P smooth, horizonless solutions that have a non trivial v−dependence
in the geometry, and that are dual to more complicated CFT states.
These geometries may be interesting in the context of AdS/CFT computations of
correlation functions [33, 39–42] in the Heavy-Light (HHLL) limit; in particular it was
shown in [42] that two-charge geometries do not show information loss, i.e. they do not
have Lorentzian time decay [43]. It would be interesting to use the heavy states dual to
these new geometries - that are microstate of Black Holes with finite horizon radius - to
compute HHLL correlators and see if they do or do not show Lorentzian time decay.
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A The superdescendant solution
Here we collect the missing objects defining the superdescendant solution of sec. 4.1;
ω = ω0 + ω1 , β = β0 ,
β0 =
Ra2√
2Σ
(
sin2 θ dφ− cos2 θ dψ) , ω0 = Ra2√
2Σ
(
sin2 θ dφ+ cos2 θ dψ
)
,
ω1 = − R√
2Σ
F
r2 + a2 sin2 θ
[
(r2 + a2) sin2 θ dφ+ r2 cos2 θ dψ
]
,
γ2 =
Q5
Σ
(r2 + a2) sin2 θ , a1 = 0 ,
a4 =
√
2 b
ak1 cosk1 θ
(r2 + a2)
k1
2
[tan θ sin(k1vˆ)dψ + cos(k1vˆ)dψ] ,
δ4 =
R
2Σ
b
ak1 cosk1 θ
(r2 + a2)
k1
2
tan θ
[−2(r2 + a2) sin(k1vˆ)dθ ∧ dφ
+2a2 cos2 θ sin(k1vˆ)dθ ∧ dψ + (r2 + a2) sin 2θ cos(k1vˆ)dφ ∧ dψ
]
,
a5 =
√
2 c
ak2 cosk2 θ
(r2 + a2)
k2
2
[tan θ sin(k2vˆ)dψ + cos(k2vˆ)dψ] ,
δ5 =
R
2Σ
c
ak2 cosk2 θ
(r2 + a2)
k2
2
tan θ
[−2(r2 + a2) sin(k2vˆ)dθ ∧ dφ
+2a2 cos2 θ sin(k2vˆ)dθ ∧ dψ + (r2 + a2) sin 2θ cos(k2vˆ)dφ ∧ dψ
]
.
(A.1)
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